We consider a rational-trigonometric deformation in context of rational and trigonometric deformations. The simplest examples of these deformations are presented in different fields of mathematics. Rational-trigonometric differential Knizhnik-Zamolodchikov and dynamical equations are introduced.
Introduction
In classical mathematics there are three classes of meromorphic functions: rational, trigonometric, elliptic. According to these classes there are three types of quantum deformations: rational, trigonometric, elliptic. It turns out we can also introduce a rational-trigonometric deformation. All these deformations will be called standard.
In this short and sketched paper we discussed the simplest examples of the standard deformations in the arithmetic (number theory), geometry, differential calculus, theory functions and Lie algebras. We also introduce rational-trigonometric differential KnizhnikZamolodchikov (KZ) and dynamical (DD) equations. The rational-trigonometric differential KZ equations are connected with a rational-trigonometric classical r-matrix [6] which is a sum the simplest rational and trigonometric r-matrices depending on spectral parameter. It turns out that the rational-trigonometric differential KZ (DD) equations are sums of the rational and trigonometric differential KZ (DD) equations.
2 Trigonometric, rational and rational-trigonometric deformations
Standard deformations of numbers
Let z be a complex number, z ∈ I C. a). The trigonometric deformation (or q-deformation) of z:
where q is a deformation parameter, (z) q=1 = z. This deformation is well-known. b). The rational deformation (or η-deformation) of z [7] :
where η is a deformation parameter, (z) η=0 = z. c). The rational-trigonometric deformation (or (q, η)-deformation) of z [7] :
where q and η are deformation parameters,
Remark. There is an elliptic deformation of z (for example, see [3] )
Standard deformations of two-dimensional plane
Let x and y be two commuting coordinate variables, i.e.
a). The trigonometric deformation of the (x, y)-plane:
b). The rational deformation of the (x, y)-plane:
c). The rational-trigonometric deformation of the (x, y)-plane:
All these deformation of the (x, y)-plane are well-known. Remark. No elliptic deformation of the (x, y)-plane is known.
It is an open problem.
Standard deformations of the differential calculus
Let ∂ x := ∂ ∂x be the usual derivative. a). The trigonometric deformation of ∂ x :
b). The rational deformation of ∂ x :
The deformations a) and b) for ∂ x are well-known. c). The rational-trigonometric deformation of ∂ x :
All these deformations of ∂ x have the following properties: (i) they are defined by the general formulas
(ii) they satisfy the Leibniz rule
where x ′ = qx for the q-deformation, x ′ = x + η for the η-deformation and
Remark. There is an explicite formula for the elliptic deformation of ∂ x .
Standard deformations of functions
Let exp(x) be the usual exponential of x:
and let F n,m (x) be a standard hypergeometric series:
where
a). The trigonometric deformation of exp(x) and F n,m (x).
If we replace the parameters a i , b j , and k! in (14) by the q-analogs (a i ) q , (b j ) q and (k) q ! we obtain the basic hypergeometric (q-hypergeometric) series F (q) n,m (z). b). The rational deformation of exp(x) and F n,m (x).
If we replace the parameters a i , b j , and k! in (14) by the η-analogs (a i ) η , (b j ) η and (k) η ! we obtain the basic hypergeometric (η-hypergeometric) series F (η) n,m (z). c). The rational-trigonometric deformation of exp(x) and F n,m (x).
The replacement of a i , b j , and k! in (14) by the (q, η)-analogs (a i ) qη , (b j ) qη and (k) qη ! gives us the (q, η)-hypergeometric series
Setting here q = 1 we obtain the η-hypergeometric series F (η) n,m (x). We can also introduce the η-and (q, η)-analogs of other special functions.
All deformed exponentials exp q (x), exp η (x) and exp qη (x) can be obtained from the functional equation f 1 (x + y) = f 2 (y)f 3 (x) with regular functions f i (z) satisfying the initial conditions f i (0) = 1, where the variables x and y satisfy the relations (5)-(7) (see [7] ).
Remark. Analogous formulas exist also for the elliptic case they can be found in [3] .
Standard deformations of universal enveloping algebras
Let g be a finite-dimensional Lie algebra, g[u, u −1 ] be a loop algebra and g[u] be a nonnegative loop algebra over g. We denote by U(g), U(g [u] ) and U(g[u, u −1 ]) their universal enveloping algebras. a). The trigonometric deformation (q-deformation) of U(g), U(g [u] ) and U(g[u, u −1 ]) are well-known. They are denoted by U q (g), U q (g [u] ) and U q (g[u, u −1 ]) [1] . b). The rational deformation of U q (g [u] ) and U q (g[u, u −1 ]) are well-known. They are Yangian Y η (g) [1] and its double DY η (g) [2] . c). The rational-trigonometric deformation of U q (g [u] ) and [6] , [7] and its double DD qη (g).
Remark. An elliptic deformation exists only for U(sl n [u]). It is well-known too.
3 Rational-trigonometric differential Knizhnik-Zamolodchikov and dynamical equations
We consider the case g = gl M although results of this section are also valid for an arbitrary simple complex Lie algebra g. Let e ab , a, b = 1, . . . , M, be the standard Cartan-Weyl basis of
e ab e ba ∈ U(gl M ) is a gl M -scalar, i.e.
[C 2 , x] = 0 for any x ∈ gl M , and it is called the second order Casimir element. The element
e ab ⊗e ba ⊂ U(gl M )⊗U(gl M ), where ∆ is a trivial co- For any x ∈ U(gl M ) we set
as a subalgebra of (U(gl M )) ⊗N , the embedding
for any x ∈ gl M . For a nonzero complex number κ we consider differential operators ∇ ⊗N depending on complex variable z 1 , . . . , z N and λ 1 , · · · , λ M (see [4] and [5] ):
for a function u(z; λ) := u(z 1 , . . . , z N ; λ 1 , · · · , λ M ) taking values in an N-fold tensor product of gl M -modules. ¿From (27), (32) and Theorem 5.8 of the paper [4] for any i = 1, . . . , N and a = 1, . . . , M we have the duality:
where the index M (N) is connected with the Lie algebra gl M (gl N ).
